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Nomenclature

c = specific heat capacity, J � Kg�1 � K�1
dS = heat transfer surface area, m2

h = convection heat transfer coefficient, W � m�2 � K�1
k = thermal conductivity, W � m�1 � K�1
M = fluid molecular weight, N
N = prefixed integer
p = fluid pressure at mean temperature, Pa
Qconv = exchanged convective heat, J
R = gas universal constant
T = absolute temperature, K
�T = dimensionless temperature
Tb = hydrogen boiling point temperature, K
Tm = fluid mean absolute temperature, K
T1 = room absolute temperature, K
T0 = fluid initial absolute temperature, K
� = fluid–steel transfer coefficient
�q = Boubaker polynomials’ minimal positive roots

(dimensionless)
� = heat capacity ratio (dimensionless)
�q = real coefficients (dimensionless)
� = density,Kg � m�3
$ = convective transfer velocity, ms�1

I. Introduction

R ECENTLY, the use of hydrogen as an energy vector has
tremendously increased [1–5]. Its abundance and pollution-free

combustion caused research on its production, stocking, and
conveying to thrive spectacularly in a short period. With this
movement, the stocking problem became more and more important.
In fact, despite its low boiling point, commercial and transport
constraints compelled the handling of hydrogen in a liquid phase
(Tb � 20 K).

The storage problem is, hence, a challenging issue that cuts across
applications and the delivery of hydrogen as a renewable energy

carrier. The cryogenic vessels (or cryostats) used as a solution to store
and transport liquid hydrogen are generally metallic double-walled
vessels with an inserted high-vacuum insulation.

In this technical note, we propose an analytical solution to the
convective heat equation inside a standard cylindrical vessel. The
main problem formulation is based on the similarities between the
convective heat equation and the Boubaker polynomials’ character-
istic differential equation.

II. Vacuum-Insulated Hydrogen Cylindrical
Vessel Model

It is known that, in addition to pipelines, hydrogen can be
transported inside bridging compounds such as ammonia, metal
hydrides, or methanol. Nevertheless, the most adopted method is
transport under cryogenic conditions.

The following two transportations vessels types are presented in
Fig. 1: 1) a metallic cylinder (Fig. 1a) containing liquid hydrogen
kept at a temperature of T0 � 10 K, and 2) a vacuum cylindrical
vessel (Fig. 1b).

The room temperature for both mountings is supposed to be
constant (T1 � 290 K).

It was demonstrated in the first case (Fig. 1a) that the convective
flux toward the liquid is predominant. The amount of heatQconv can
be estimated using Newton’s cooling law:

Qconv � h�T � h�T1 � T0� (1)

For a standard steel alloy compartment (h� 6:5 W � m�2 � K�1), the
extremely high amount of heat (Qconv � 2450 W � m�2) causes
the liquid hydrogen to boil after a y short time (t0b � 2:1�
103 s� 36 min).

The vacuum-insulated cylindrical model, as shown in Fig. 1b,
consists of cylindrically shaped double-wall vessels. The shell
materials are stainless steel or similar alloys prepared for supporting a
high vacuum with a pressure of less than 0.001 torr.

In this model, both conduction and convection are to be taken into
account because the radiation effect is meaningless at such low
temperatures, as mentioned by Gause and McKannan [6].

The convective heat amount, Qconv, can be calculated as follows:

Qconv � a
� � 1

� � 1
:
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s
p � dS � �T � T1� (2)

By introducing the dimensionless variable �T,
�T � �T � T1�=�T0 � T1�, we have(
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The heat equation in the vacuum area is, hence,

c
@�� �T�
@t
�r � ��kr �T � �c$ �T� � 0 (4)

Equation (4) alters to
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III. Boubaker Polynomials

The earliest monomial definition of the Boubaker polynomials [7–
10] appeared in a physical study that yielded an analytical solution to
the heat equation inside a physical model [10]. This monomial
definition is expressed as follows:

B̂ n�X� �
X��n�
p�0

�
�n � 4p�
�n � p� C

p
n�p

�
� ��1�p � Xn�2p (6)

where

��n� �
�
n

2

�
� 2n� ���1�n � 1�

4
(7)

where brackets designate the floor function.
TheBoubaker polynomials have the ordinary generating function:

fB̂�X; t� �
1� 3t2

1� t�t� 2X� (8)

They are also defined by the following recursive system:8>><
>>:
B̂4�X� � X4 � 2;

B̂8�X� � X8 � 4X6 � 8X2 � 2;

B̂4�q�1� � �X4 � 4X2 � 2� � B̂4�q� � B̂4�q�1�

(9)

Since 2004, the Boubaker polynomials’ expansions have been
successfully used in several applied physics studies, that is, the
models presented by Awojoyogbe and Boubaker in the field of
organic tissues modelling [7] and the works of Ghanouchi et al. on
heat transfer modeling systems [8].

IV. Convective Heat Equation Solution

To solve Eq. (5), a dimensionless separable variables function,
�T�x; t�, is defined as follows:

�T�x; t� � T�x; t� � T1
T0 � T1

� T1�t� � T2�x� (10)

where T1 is a t-dependent term, and T2 is the spatial component
expressed as a polynomial expansion:

T2�x� �
1

2N

XN
q�1

�q � B̂4q�x � �q� (11)

where�q are theminimal positive roots of the Boubaker polynomials

[10], B̂4q.
The final solution is a finite sum of elementary solutions:

�T�x; t� �
XN
q�1

�Tq�x; t� �
1

2N

XN
q�1

�q � T1�t� � ~B4q�x � �q� (12)

Parallel to these definitions, Eq. (9) is altered to

B̂004q�X� �
3X�4qX2 � 12q � 2�

�1 � X2��12qX2 � 4q � 2� B̂
0
4q�X�

� 4q
�3X2n2 � n2 � 6n� 8�
�1 � X2��nX2 � 3n � 2� B̂n�X� � 0 (13)

then to 8>>><
>>>:
B̂004q�X� � hq�X� � B̂04q�X� � gq�X� � B̂4q�X�
hq�X� � 3X�4qX2�12q�2�

�1�X2��12qX2�4q�2�

gq�X� � 4q �48X
2q2�16q2�24q�8�

�1�X2��12qX2�4q�2�

(14)

The main heat transfer equation becomes

T 01�t� � T2�x� �D
�
T1�t� � T 002 �x� � �u=D�T1�t� � T 02�x�

�
(15)

and

T 01�t� � T2�x� � T1�t� �D
�
T 002 �x� � �u=D�T 02�x�

�
(16)

Finally, by identifying the terms between Eqs. (14) and (16), we
obtain

T 01�t� � T1�t� �D �
�
4q
�48x2q2 � 16q2 � 24q� 8�
�1 � x2��12qx2 � 4q � 2�

�
(17)

which gives the following solution:

�T�x; t� �
XN
q�1

�Tq�x; t� �
1

2N

XN
q�1

�qe
�D�4q�24x

2q2�8q2�12q�4�
�1�x2��6qx2�2q�1�

t

� ~B4q�x � �q� (18)

The relevant initial conditions are

�T�x; t�jt�0;x�0 � 1 (19)

@ �T�x; t�
@x

����
t�0;x�0

�0 (20)

�T�x; t�jt�0;x�1 � 0 (21)

@ �T�x; t�
@x

����
t�0;x�1

≠ 0 (22)

The conditions expressed by Eqs. (20–22) are already satisfied by
the proposed expansion [Eq. (12)]. The remaining condition (19)
induces the mathematical constraint

� 1

N

XN
q�1

�q � 1

where the condition is satisfied, that is, for �1 � �2 � �3 � � � ��
�N ��1:0.

The graphics of the solution to Eqs. (18–22) are given in Fig. 2.

V. Conclusions

The obtained initial profile (at t� 0) conforms to the experimental
conditions. The following dependent evolution can be compared
with other dynamical profiles [11,12].

Fig. 1 Transportation vessels types.
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Another existing feature is also verified: the use of the cryogenic
vessels increases the boiling time 102 times. In fact, we noticed that
the boiling time, tb, is about 1:58 � 104 s.

The proposed canonical expansion presents a methodology for
works aimed at solving applied physics equations. In fact, by means
of the Boubaker polynomials’ arithmetical proprieties, the Cauchy
boundary conditions are intrinsically verified and indirectly taken
into account inside the main equation. The canonical expansion
presented in this note is being tested as part of several actual applied
physic models.

References

[1] Barinka, A., Barsch, T., Charton, P., Cohen, A., Dahlke, S., Dahmen,
W., and Urban, K., “Adaptive Wavelet Schemes for Elliptic Problems:
Implementation and Numerical Experiments,” SIAM Journal on

Scientific Computing, Vol. 23, 2001, pp. 910–939.
doi:10.1137/S1064827599365501

[2] Dahlke, S., Fornasier, M., and Raasch, T., “Adaptive Frame Methods
for Elliptic Operator Equations,” Advances in Computational

Mathematics, Vol. 27, No. 1, 2007, pp. 27–63.

doi:10.1007/s10444-005-7501-6
[3] Dahlke, S., Fornasier, M., Raasch, T., Stevenson, R., and Werner, M.,

“Adaptive Frame Methods for Elliptic Operator Equations: The
Steepest Descent Approach,” IMA Journal of Numerical Analysis,
Vol. 27, No. 4, 2007, pp. 717–740.
doi:10.1093/imanum/drl035

[4] Agarwal, R. P., and Milovanovic, G. V., “Extremal Problems,
Inequalities, and Classical Orthogonal Polynomials,” Applied

Mathematics and Computation, Vol. 128, Nos. 2–3, May 2002,
pp. 151–166.
doi:10.1016/S0096-3003(01)00070-4

[5] Weyrich, N., “Spline Wavelets on an Interval, Wavelets and Allied
Topics,” Wavelets and Allied Topics, edited by P.K. Jain, H. N.
Mhaskar, andM. Krishna, Narosa Publishing House, NewDelhi, India,
2001, pp. 117–189.

[6] Gause, R., and McKannan, E. C., “Effects of Nuclear Radiation and
Cryogenic Temperatures on Nonmetallic Engineering Materials,”
AIAA Paper 64-361, 1964.

[7] Awojoyogbe, O. B., and Boubaker, K., “A Solution to Bloch NMR
Flow Equations for the Analysis of Homodynamic Functions of Blood
Flow System Using m-Boubaker Polynomials,” Current Applied

Physics, Vol. 9, No. 1, 2009, pp. 278–283.
doi:10.1016/j.cap.2008.01.019

[8] Ghanouchi, J., Labiadh, H., and Boubaker, K., “An Attempt to Solve
the Heat Transfer Equation in a Model of Pyrolysis Spray Using 4q-
Order Boubaker Polynomials,” International Journal of Heat and

Technology, Vol. 26, No. 1, 2008, pp. 49–53.
[9] Boubaker, K., “OnModifiedBoubaker Polynomials: SomeDifferential

and Analytical Properties of the New Polynomials Issued from an
Attempt For Solving Bi-Varied Heat Equation,” Trends in Applied

Science Research, Vol. 2, No. 6, 2007, pp. 540–544.
[10] Chaouachi, A., Boubaker, K., Amlouk, M., and Bouzouita, H.,

“Enhancement of Pyrolysis Spray Disposal Performance Using
Thermal Time-Response to Precursor Uniform Deposition,” European
Physical Journal: Applied Physics, Vol. 37, 2007, pp. 105–109.
doi:10.1051/epjap:2007005

[11] Takaoka, H., and Tsutsumi, Y., “Well-Posedness of the Cauchy
Problem for the Modified KdV Equation with Periodic Boundary
Condition,” International Mathematics Research Notices, Vol. 2004,
No. 56, 2004, pp. 3009–3040.
doi:10.1155/S1073792804140555

[12] Liang, Y. L., and Chun, H. Q., “The Cauchy Boundary Value Problems
on Closed Piecewise Smooth Manifolds in Cn,” Acta Mathematica

Sinica, Vol. 20, No. 6, 2004, pp. 989–998.
doi:10.1007/s10114-004-0387-2

Fig. 2 Three-dimensional representation of the solution �T�x; t�.
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